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Introduction
We propose a new model of exchange rates, which yields a theory of exchange rate "excess volatility" and of the forward premium puzzle. We build on the idea proposed by Rietz (1988) , Barro (2006) , and Weitzman (2007) that the possibility of rare but extreme events is an important determinant of risk premia in asset markets, and develop a tractable framework to study its consequences for international asset prices.
Our model allows us to propose a solution for a major puzzle in international macroeconomics: the failure of uncovered interest rate parity (UIP). According to the UIP equation, the expected depreciation of a currency should be equal to the interest rate differential between that country and the reference region. A regression of exchange rate changes on interest rate differentials should yield a coefficient of 1. However, empirical studies starting with Hansen and Hodrick (1980) , Fama (1984) , and those surveyed by Lewis (1995 Lewis ( , 2011 consistently produce a regression coefficient that is less than 1, and often negative.
1 This invalidation of UIP has been termed the forward premium puzzle: currencies with high interest rates tend to appreciate. In other words, currencies with high interest rates feature positive predictable excess returns.
Any model that offers a quantitative explanation of the forward premium puzzle based on time-varying risk premia must generate large and volatile risk premia. However, it has proven difficult for traditional structural asset pricing models to generate sufficiently volatile risk premia (Bekaert and Hodrick 1992 , Bekaert 1996 , and Backus, Foresi, and Telmer 2001 . Time-varying rare disasters provide a natural foundation for such risk premia. Accordingly, we explore theoretically and quantitatively the disaster hypothesis for exchange rates.
Our paper provides a theory of international time-varying risk premia in a complete-markets, frictionless, and rational framework. At any point in time, a rare world disaster might occur.
Disasters correspond to bad times, hence they matter for asset prices despite the fact that they occur with a low probability. Countries differ by their riskiness, that is by how much their currency would depreciate if a world disaster were to occur. Risky countries command high risk premia: they feature a depreciated exchange rate and a high interest rate. Their risk premium 1 See also Froot and Thaler (1990) . Maynard and Phillips (2001) argue that the forward premium puzzle is the result of misspecification issues. The Fama (1984) regression assumes short-memory stationarity of the data, but evidence contradicts this. Misspecification arises from long memory in the forward premium (the independent variable), and this may induce a bias away from 1 fluctuates but remains stationary. As their risk premium reverts to the mean, their exchange rate appreciates. Therefore, the currencies of high interest rate countries appreciate on average.
This provides an explanation for the forward premium puzzle.
We calibrate a version of the model and obtain quantitatively realistic values for the volatility of the exchange rate, the interest rate, the correlation of the exchange rate and the interest rate, the forward premium puzzle regression coefficients, and near-random walk exchange rate dynamics. The corresponding conditions largely rely on Barro and Ursua (2008) 's empirical numbers which imply that rare disasters matter ten times as much as they would if agents were risk neutral. As a result, changes in beliefs about disasters translate into meaningful volatility.
This is why the model yields a sizable volatility which is difficult to obtain with more traditional models (e.g., Obstfeld and Rogoff 1995) .
The model is very tractable, and expressions for the exchange rate, interest rate, risk premia, and forward premium puzzle coefficients are obtained in closed form.
2 To achieve this, we build on the closed-economy model with stochastic intensity of disasters proposed in Gabaix (2010) (Rietz 1988 and Barro 2006 assume a constant intensity of disasters), and use the "linearitygenerating" processes developed in Gabaix (2007) . Our framework is also very flexible. We show that it is remarkably easy to extend the basic model to incorporate several factors corresponding to productivity, disaster risk, and inflation.
Currency option prices potentially contain rich information on the probability and severity of disasters, as well as on currency risk premia. The model generates a pattern of implicit volatility curves for a given pair of currencies, with both a time-varying "smile" -higher implicit volatilities for out-of-the-money options -and a time-varying "skew" -higher implicit volatilities for out-of-the-money puts than out-of-the-money calls. Indeed, the presence of extreme events generates a smile, and the possibility for one country to be riskier than the other generates a skew. We show that in the model the price of out-of-the-money risk reversals -an indicator of the premium of out-of-the-money puts over out-of-the-money calls -can be directly linked to currency risk premia. Our calibration generates realistic values for the magnitude and volatility of risk reversals and for their comovement with exchange rates and interest rates.
2 Pavlova and Rigobon (2007) also provide an elegant and tractable framework for analyzing the joint behavior of bonds, stocks, and exchange rates which succeeds in accounting for comovements among international assets.
However, their model is based on a traditional consumption CAPM, and therefore generates low risk premia and small departures from UIP.
Relation to the literature
Several recent papers empirically explore the hypothesis that disaster risk accounts for the forward premium puzzle: among these are Burnside, Eichenbaum, Kleschelski, and Rebelo (2011) , Farhi et al. (2009), and Jurek (2009) . Using currency options, they reach a favorable assessment of the disaster hypothesis for exchange rates. These papers differ in their methodology, but they all build on the observation that carry trade returns are large whereas the returns to a carry trade strategy which is hedged against large adverse movements in exchange rates are much lower. 3 Our paper provides a theoretical framework to understand these empirical results.
According to our theory, when out-of-the-money puts are relatively more expensive, the corresponding currency should depreciate and be expected to appreciate. Campa, Chang, and Reider (1998) and Carr and Wu (2007) provide evidence that, as predicted by the model, when out-of-the-money put prices increase relative to out-of-the-money call prices, the corresponding currency simultaneously depreciates.
To the best of our knowledge, we are the first to adapt the Rietz-Barro paradigm to exchange rates. Gourio, Siemer, and Verdelhan (2010) and Guo (2010) study numerically related and complementary models, respectively in a monetary and an RBC context. Our paper also contributes to an older literature on peso problems in international finance (see Lewis 2008 for a recent survey). Under the "pure peso" view, the forward premium puzzle is due to a small sample bias: the UIP condition would hold in sufficiently large samples. There are no risk premia. By contrast, under the "rare disasters view," there are risk premia. As a result, even in large samples the forward premium puzzle holds. Of greatest interest to us are Kaminsky (1993) and Evans and Lewis (1995) . Kaminsky (1993) considers the possibility of rare events to explain investors' expectations about the exchange rate. Rare events in her model are infrequent switches from contractionary to expansionary monetary policy. She provides evidence that investors' expectations are consistent with the model. However, she does not examine the forward premium puzzle, and only considers one exchange rate (dollar-sterling) over a short time period. Interestingly, Evans and Lewis (1995) show that a reasonably calibrated regime 3 The carry trade is a zero-investment trading strategy that consists of borrowing in low interest rate currencies and investing in high interest rate currencies. It yields a positive average payoff, which is closely related to the failure of UIP.
switching model induces important biases in Fama regressions in small samples. These biases disappear, however, in large samples.
This paper adds to a large body of theoretical work on the UIP condition. On the empirical side, Frankel and Engel (1984) show that a simple CAPM has difficulty explaining deviations from UIP. Most papers test the UIP condition on nominal variables. Two recent studies cast the puzzle in terms of real variables. Hollifield and Yaron (2003) decompose the currency risk premium into conditional nominal risk, real risk, and the interaction between nominal and real risk. They find evidence that real factors, not nominal ones, drive virtually all of the predictable variation in currency risk premia. Lustig and Verdelhan (2007) show that real aggregate consumption growth risk is priced in currency markets. This provides support for a model which -like ours -focuses on real risk, thereby abstracting from money and inflation. Lustig, Roussanov, and Verdelhan (2008) specify a factor structure consistent with the hypothesis that the failure of UIP stems from a risk premium rather than expectational errors.
On the theory side, numerous studies have attempted to explain the UIP puzzle in rational expectations settings. However, few models are able to reproduce the negative UIP slope coefficient. 4 Here we concentrate on some of the most successful studies. We start by reviewing arguments that rely on countercyclical risk premia. We then discuss the literature that departs from rational expectations and introduces behavioral biases. Frachot (1996) shows that a two-country Cox, Ingersoll, and Ross (1985) framework can account for the UIP puzzle but does not provide an economic interpretation of the currency risk premium. Backus, Foresi, and Telmer (2001) pursue a similar line of research, and show that affine models of the term structure can only rationalize the forward premium puzzle if either the state variables have asymmetric effects on state prices in different currencies or nominal interest rates take on negative values with positive probability. Our model is outside the scope of their criticism: it is entirely real and does not belong to the affine class. Alvarez, Atkeson, and Kehoe (2002) rely on a model with endogenously segmented markets to qualitatively generate the forward premium anomaly. In their model, higher money growth leads to higher inflation. This induces more agents to enter the asset market because the cost of non-participation is higher. This, in turn, decreases risk premia. They also extend this type 4 For the difficulty of generating a negative coefficient, see Hollifield and Uppal (1997) .
of mechanism in Alvarez, Atkeson, and Kehoe (2011) .
Most recently, Verdelhan (2007) generates countercyclical risk premia by means of the varying habit formation models pioneered by Abel (1990) and Campbell and Cochrane (1999) . In his model, the domestic investor expects to receive a positive foreign currency excess return in bad times when he is more risk averse than his foreign counterpart. Times of high risk aversion correspond to low interest rates at home. Thus, domestic investors expect positive currency excess returns when domestic interest rates are low and foreign interest rates are high.
Finally, Colacito (2008) and Colacito and Croce (2011) apply Bansal and Yaron (2004) 's model with Epstein-Zin-Weil preferences to international economics. Bansal and Shaliastovich (2007) , using a two-country setting, rely on a perfect cross-country correlation among shocks to the long-run components of consumption growth rates to reproduce the UIP puzzle.
Turning to explanations based on behavioral biases, Bacchetta and van Wincoop (2006) develop a model where information is costly to acquire and process. Because of these costs, many investors optimally choose to assess available information, and revise their portfolios infrequently. This rational inattention mechanism produces a negative UIP coefficient along the lines suggested by Froot and Thaler (1990) and Lyons (2001) : if investors are slow to respond to news of higher domestic interest rates, there will be a continued reallocation of portfolios towards domestic bonds and an appreciation of the currency subsequent to the shock.
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Finally, another strand of the literature departs from the assumption of frictionless markets.
Using microstructure frictions, Burnside, Eichenbaum, and Rebelo (2009) rely on asymmetric information and behavioral biases to explain the forward premium puzzle. Plantin and Shin (2011) present a model of the carry trade based of speculative motives based on limited arbitrage and strategic complementarity.
Outline. The rest of the paper is organized as follows. In Section 2, we set up the basic model and derive its implications for the forward premium puzzle. In Section 3, we present a calibration of the model. Section 4 extends the model to incorporate a business cycle factor in addition to the disaster risk factor and the joint properties of currency risk premia and bond risk premia. Section 5 concludes. Most proofs are in Appendix B.
5 See Li and Tornell (2008) and Ilut (2010) for a related approach based on ambiguity aversion.
Model Setup

Macroeconomic Environment
We consider a stochastic infinite horizon open economy model. There are  countries indexed by  ∈  ≡ {1 2  }. Each country  is endowed with two goods: a traded good, called  , and a non-traded good, called   . The traded good is common to all countries, the non-traded good is country-specific.
Preferences. In country , agents value consumption streams
Note that the two goods enter the utility function separably. Together with the assumption of complete markets, this will allow us to derive a simple expression for the pricing kernel.
Terms of trade and real exchange rate. We choose the traded good as the numéraire.
The price of the non-traded good,   , corresponds to country's terms of trade in terms of the numéraire. The bilateral terms of trade between country  and country  are given by      The country's real exchange rate is equal to
The share of traded goods in consumption is
. In the data, this share is small. The consequence is that the real exchange rate is approximately equal to the terms of trade   . This approximation is exact up to second-order terms in the share of traded goods. It is analytically simpler to characterize the behavior of the terms of trade. Because the real exchange rate and the terms of trade are quantitatively close in our model, we abuse terminology and refer to   as the exchange rate in the remainder of the paper. In any case, it is possible to go back and forth between the two notions using equation (2).
Our model abstracts from interesting real-world frictions such as the incomplete passthrough (e.g., Rebelo 2005, 2006) , which most researchers attribute to imperfect competition with non-constant demand elasticities, sticky prices, and menu costs with issues of currency denomination. Given our focus on the aggregate riskiness of the country, we believe that adding those frictions would not change the essence of the economics analyzed by the model -the impact of aggregate disaster risk on the exchange rate, option premia, and the real interest rate.
Markets. Markets are complete: there is perfect risk sharing across countries in the consumption of the traded good. Let   *  be the world consumption of the traded good. The pricing kernel can therefore be expressed up to an arbitrary multiplicative constant as
The price of an asset with a stochastic stream of cash flows
There is a linear technology to convert the non-traded good of country  into the traded good. Investing one unit of the non-traded good at time  yields exp(−) + units of the traded good in all future periods  +  ≥ . The interpretation is that   is the productivity of the export technology, and the initial investment depreciates at a rate .
Proposition 1 In terms of the "international currency," the exchange rate   of country  is the present value of its future export productivity:
with the convention that an increase in   means an appreciation of country 's currency.
The non-traded good is an asset that produces dividends  + = exp(−) + , and is priced accordingly. This is a version of the "asset view" of the exchange rate.
Remark 1 Equation (3) expresses the exchange rate directly as the net present value of future fundamentals. This is a common feature in monetary models of exchange rates where, using the UIP condition, the nominal exchange rate can be expressed as the net present value of future monetary and real variables.
A simple example. To make the model more concrete, consider the following simple example. The country produces two goods: a basket of non-traded goods and a traded good (oil). In every period , oil can be exchanged for a basket of traded goods with a relative price of   . There is an inelastic supply of domestic labor. A worker can be employed in one of two activities: the worker can work in the domestic sector to produce a basket of non-traded goods, or the worker can work to expand the oil production capacity of the country (e.g., by detecting the location of an oil field and setting up the well to extract the oil in the future). These two technologies are linear. Once the oil production facility is established, the marginal cost of production is zero up to the capacity constraint. High future expected oil prices increase the profitability of expanding the oil production capacity. As a result, the domestic sector shrinks as workers move out of this sector to establish new oil production facilities. Consequently, the relative price of the basket of domestic goods in terms of the basket of international goods increases, and the real exchange rate   appreciates. A strong exchange rate therefore predicts high future commodity prices. This example is consistent with Chen, Rogoff, and Rossi (2008) who find that for commodity producing countries, high exchange rates predict high future prices of the corresponding commodities.
Potential variants. We have made the strong assumption that there is a technology to transform non-traded goods into a flow of traded goods. We could have introduced many additional technologies without affecting our results. In particular, we could have introduced an additional reverse technology allowing to convert traded goods into a flow of non-traded goods.
We could also have assumed that investment goods are a composite of traded and non-traded goods. Denote by  (  ) the price of investment goods -corresponding to the technology for producing investment goods from traded goods and non-traded goods. Equation (3) would
  Similarly, we could let the output of the investment technology be a basket of traded and non-traded goods. The stochastic process for the exchange rate would have to be solved as the fixed point of a functional equation.
The economics of the model would not be altered, but the analysis would become much more complex and closed-form solutions would be lost.
Last but not least, the utility function (1) could be changed to:
where  is any utility function over non-traded goods consumption processes {
With this formulation, our formulas for the exchange rate (e.g., equations (10)- (11)) would still hold.
The only thing that matters here is the marginal utility from one unit of tradable consumption.
Were we to follow this route, our model would generate an imperfect correlation between total consumption and real exchange rates, which Backus and Smith (1993) have demonstrated to hold in the data. For instance,  could incorporate habit formation or adjustment costs.
Macroeconomic Environment: Disaster Risk
World consumption of the traded good. We study equilibria where the world consumption of the traded good   * follows the following stochastic process. In line with Rietz (1988) and Barro (2006) , we assume that in each period  + 1 a disaster may happen with probability
where  is the normal-times growth rate of the
, consumption falls by 30%. To sum up:
Hence, the pricing kernel is given by
if there is a disaster at  + 1
where
is the risk-free rate in an economy that would have a zero probability of disasters.
Productivity. We assume that productivity of country  follows:
i.e., during a disaster, the relative productivity of the traded good is multiplied by  +1 . For instance, if productivity falls by 20%, then  +1 = 08. We define the "resilience" of country  as:
where   * and b   are respectively the constant and variable parts of resilience. This is a measure of how well productivity is insulated from world disasters. 7 In equation (8), the probability   and the world intensity of disasters  +1 are common to all countries, but the recovery rate  +1 is country-specific. The recovery rates could be correlated across countries.
We also define   * = ln (1 +   * ).
For tractability, we posit a linearity-generating process (see Appendix A) for  *
The law of motion for b   is:
and   denotes the speed of mean reversion of resilience.
Equation (9) indicates that b   mean-reverts towards zero. Because   hovers around   * ,
is close to one and the process behaves like a regular AR(1) up to second-
is innocuous from an economic perspective but provides analytical tractability (see the technical appendix in Gabaix 2007 for a discussion).
8 Linearity-generating processes allow the derivation of the equilibrium exchange rate in closed form.
Proposition 2 (Level of the exchange rate) In terms of the "international currency," the exchange rate of country  is
where   is the current productivity of the country. In the limit of small time intervals, the exchange rate is
Equation (11) is a modified version of Gordon's formula. It illustrates two important properties of exchange rates: the exchange rate   increases in the growth of productivity   and decreases in the Ramsey interest rate  and the depreciation rate of capital . Formula (11) implicitly exhibits a Balassa-Samuelson effect: more productive countries -countries with a higher   -have higher real exchange rates. Countries with high expected productivity growth also have high exchange rates.
Importantly,   is increasing in   * and b   : risky countries have a low exchange rate.
Finally, at this stage, the volatility of the exchange rate comes from the volatility of its resilience b   . Later, we generalize the setup and introduce other factors.
Discussion. We choose to start with the consumption process for traded goods in equation (5), the productivity process in each country given by equation (7), and the process for the resilience in each country given by equation (9). This is enough to determine the exchange rate in each country as in equation (10) and, more generally, all the asset prices that we are interested in. Lemma 1 shows that there are many endowment processes for the traded and non-traded goods that can rationalize these choices as a general equilibrium outcome. This is a way of maintaining the tractability of a Lucas (1979) endowment economy in a model that features production.
Lemma 1 (Equilibrium) There are (infinitely many) endowment processes
for traded goods and non-traded goods in country
such that in the equilibrium of the model (5), (7), and (9) hold.
The Forward Premium Puzzle
Consider a one-period domestic bond in country  that yields one unit of the currency of country  at time  + 1. It will be worth  +1 in the international currency. Hence, the domestic price of that bond is given by:
where   is the domestic interest rate -the nominal interest rate in domestic currency.
Proposition 3 (Level of the domestic short-term interest rate when there is no inflation on the home good). The value of the domestic short-term rate in country  is
9 The derivation is standard. In the international currency, the payoff of the bond is  +1 , so its price is
and its domestic price is (13).
In the limit of small time intervals, the interest rate is
When a country is "risky" (low b   ), its interest rate is high according to (15) because its currency has a high risk of depreciating in bad states of the world. Note that this risk is a real risk of depreciation, not a default risk. 10 In addition, because b   is mean-reverting, risky countries are expected to be less risky in the future. As a result, the exchange rate of high interest rate countries is expected to appreciate -consistent with the "forward exchange rate premium puzzle" or "uncovered interest rate parity puzzle." Consider the Fama regression of the changes in the exchange rate between countries  and  regressed on the difference in interest rates, in a sample with no disasters:
Fama regression:
where  +1 is a random variable with mean zero. We will consider two possible kinds of samples for this regression: a large sample with no disasters and a full sample with a representative frequency of disasters. We denote the respective coefficients by   and    .
The UIP condition implies  = 1. In contrast, in our model   and    can be negative.
For simplicity, we consider the case where the two countries  and  have the same   ,   .
Proposition 4 (Fama coefficients). Consider two countries  and  with the same   =   =   and    =    =   , and consider the limit of small time intervals as well as small b   and b   . In the Fama regression (16), in a sample with no disasters the coefficient  is:
If in addition   is constant with value , then in a full sample the coefficient    is:
10 Safe countries can borrow at a lower interest rate, which may explain why historically the dollar or Swiss
Franc interest rates were low (Gourinchas and Rey 2007) .
Remark 2 In this proposition, as in the later Propositions 7 and 9, the expressions hold up to
To get a sense of magnitudes, imagine   = 20% per year and   = 20% per year (these values are consistent with the calibration presented in Section 3), then the coefficient in a yearly regression should be   = −1. This is broadly in line with the estimates in the literature.
To understand this proposition, it is useful to derive an expression for the appreciation of a currency. For simplicity, we focus on the Fama regression in a sample without disasters. In
Appendix B, we show that, in the limit of small time intervals and for small b
A currency with low resilience b   tends to appreciate and have a high interest. Eliminating the resilience term, we obtain a link between expected currency appreciation and the interest rate:
which gives the Fama coefficient on the interest rate,
The Fama coefficient in a sample without disasters does not depend on . Even when disasters are not associated with risk premia (in other words, when  = 1), the Fama regression in a small sample with no disasters would indicate a violation of UIP. Time-varying risk premia are crucial to explain the forward premium puzzle in a sample with disasters: with  = 1, there is no disaster risk (consumption does not fall during disasters), so that    = 1; the Fama coefficient is negative only if disaster risk is high enough. The possibility of a negative Fama coefficient    in a full sample does not come from a peso problem.
Carry trade. Given two currencies, the carry trade consists of borrowing one unit of the numéraire in currency  at interest rate   and investing it in currency  at interest rate   .
The expected carry trade return in our model is:
Hence, the expected return of the carry trade between two countries is given by their relative resilience.
Consider the particular case of two countries with identical constant parameters, but possibly different b   and   . The idea is for an investor to borrow one unit of the world numéraire in a safe country  -the funding country -with high resilience   and a low interest rate   , and to invest in a risky country  with low resilience      and a high interest rate      -the investment country. If no disaster occurs, the investor pockets the interest differential.
Moreover, on average, the exchange rate of country  appreciates against that of country .
However, if a disaster occurs, the exchange rate of country  depreciates against that of country  and the investor incurs a loss. Disasters correspond to bad states of the world when marginal utility (of the numéraire, i.e., the world traded good) is high. Investors are appropriately compensated for bearing this risk.
In a full sample with a represensative frequency of disasters, the expected return of the carry trade is the one in (20) minus the expected loss in disasters E
Option Prices
Option prices incorporate direct information about the probability and severity of disasters. In particular, consider the implied volatility smile of a pair of currencies: a risky currency and a safe currency. The smile will be much steeper on the risky currency side. A high "smile skew"
should predict currency appreciation, a high interest rate differential, and high bond returns.
Consider two countries  and  The currency  price at date 0 of a call that gives the option to buy at date 1 one unit of currency  for 
Likewise, the currency  price at date 0 of a put that gives the option to sell at date 1 one
In order to gain in tractability, we make two simplifying assumptions as in Gabaix (2010) .
First, we assume that if a disaster occurs in period +1,   +1 is equal to zero. Second, we assume that the distribution of  +1 conditional on date  information and no disaster occurring in period  + 1 is lognormal with drift   and volatility   where  ∈ { } indexes countries:
is the expected exchange rate appreciation conditional on no disasters.
11 This enables us to derive option prices in closed form.
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Proposition 5 The price of a call with strike  is:
where   ( ) is the Black-Scholes call value when the strike is , the volatility , the interest rate 0, the maturity 1, the spot price 1, and
is the standard deviation of the bilateral log exchange rate if there is no disaster. The price of a put is given by the put-call parity equation:
The option price (23) is the sum of two terms. The first one is a familiar Black-Scholes term. The second is a pure disaster term.
Roughly speaking, if the foreign currency is riskier than the home currency, then out-of-themoney put prices on the currency pair (home, foreign) should be higher than out-of-the-money call prices as the price of protection against a devaluation of the foreign currency should be high. In this section, we construct a simple metric -risk reversals -to measure the gap between out-of-the-money puts and out-of-the-money calls.
One tradition is to construct risk reversals as the implied volatility of an out-of-the-money put minus the implied volatility of a symmetric out-of-the-money call. Hence, if the foreign country has more crash risk than the home country, its risk reversal is positive.
In practice, traders routinely use the Black-Scholes delta of the underlying option rather than its strike. For example, a 25-delta risk reversal is the difference between the implied volatility of an out-of-the-money put with a Black-Scholes delta of -0.25 and a symmetric out-of-the-money call with a delta of 0.25. 
Calibration
As will become apparent, it is easy to calibrate realistic values for the exchange rate volatility and for the interest rate level and volatility. The potential difficulty lies in calibrating option values at the same time. Using currency options, recent papers (Burnside, Eichenbaum, Kleschelski, and Rebelo 2011, Farhi et al. 2009 , as well as Jurek 2009) have concluded that disaster risk plays an important role in currency markets. Still, to some extent, out-of-the-money put premia for risky currencies seemed somewhat low compared to those implied by a disaster model. The authors speculated that illiquidity or counterparty risk may play a role.
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Since the early versions of those papers, the global financial crisis happened. It turns out 13 In the illiquidity view, deep out-of-the-money puts might be illiquid, and an agent who would like to buy them would move prices against him. In the counterparty view, insurance prices are low because in disasters the insurer (the seller of the put) will default: hence, the puts in the market are not default-free in the important (disaster) states of the world. that it led to a large and durable increase in option prices, even after its peak. We shall see that This phenomenon is reminiscent of what happened with stock options before and after the 1987 crash (Jackwerth and Rubinstein 1996) . Before the 1987 crash, there was no significant put premium (i.e., no skew). After the 1987 crash, a skew appeared and remained ever since.
One interpretation is that options market participants became more keenly aware of crash risk:
buyers of options traded them more, and option pricers incorporated crash risk in their models.
Under that interpretation, options markets have become more efficient after the 1987 crash.
It is conceivable that a similar phenomenon happened after the fall 2008 crisis. Another possibility is that disaster-related risk simply became larger not just during the crisis but also in its aftermath. Indeed, the possibility of a second Great Depression was routinely entertained by market participants and commentators during and after the financial crisis.
We show that our model can be successfully calibrated to post-crisis data. That same calibration would indicate that pre-crisis out-of-the-money put premia for risky currencies were somewhat low before the crisis. Interestingly, in other markets, insurance seems to have been simply underpriced (see Coval, Jurek, and Stafford 2009) .
It is apparent in Figures 1 and 2 that, especially since the crisis, risk reversals and spot exchange rates comove negatively. This is consistent with our model: when a country becomes riskier, its exchange rate depreciates and its risk reversal rises (as put premia on the currency increase). In Table 2 , we confirm that this pattern is present in a large sample of countries.
Data
We use monthly data from JP Morgan presented in Farhi et al. (2009) . Exchange rates are in US dollar per foreign currency. As a result, an increase in the exchange rate corresponds to an appreciation of the foreign currency and a decline of the US dollar. For each currency, our sample presents spot and forward exchange rates at the end of the month and implied volatilities from currency options for the same dates. We consider one-month forward rates and options with one-month maturity. Longer-term contracts are available but much less traded.
We construct foreign interest rates using forward currency rates and the US LIBOR. Options are quoted using their Black-Scholes implied volatilities for three different deltas: out-of-the-money puts (denoted 25-delta puts), at-the-money puts and calls (50-delta), and out-of-the-money calls (denoted 25-delta calls) for the 2005-2010 period. 
Choice of Parameter Values
Equations (11) and (13) imply that there are really three key parameters in the model: the speed of mean reversion of resilience   , its volatility   , and the discount factor   . The last two parameters are driven in the model by deeper combinations of underlying factors, but mainly three parameters govern the key statics that we wish to explore in Table 2 . For reasons that we detail below, we postulate values mentioned in Table 1 . We use yearly units throughout.
14 By using data from the Chicago Mercantile Exchange, we could have extended the sample to 1986 for three currencies (Canadian dollar, Swiss franc and yen) and to 1994 for two others (Australian dollar and British pound). Unfortunately CME data do not provide at each date a constant variety of option strikes, which is crucial for our estimation procedure. Exchange rate discount rate
Mean reversion of resilience    = 20%
Volatility of    = 21%
Note: The time unit is the year.
Mean Reversion. The speed of mean reversion of resilience is   = 02, which gives a half-life of ln 2  = 35 years, and is in line with typical estimates from the exchange rate predictability literature (Rogoff 1996) .
Exchange rate and interest rate. We call ∆ the time-difference operator, To calibrate the exchange rate fluctuations, we start from equation (11). In normal times, the only innovations in the exchange rate are due to changing expectations about the resilience of a country. Differentiation of (11) yields the volatility,   =    (  + ). The bilateral exchange rate volatility    between two uncorrelated exchange rates 16 is equal to
If two countries are perfectly correlated, then    = 0 whereas if they have a correlation of −1,    = 2   (  + ). We report the values for the uncorrelated case. These considerations lead 15 To keep the model parsimonious, we assume no default risk on debt. This is the cleanest assumption for developed countries. Of course, in many cases (e.g., when pricing sovereign debt), default risk can be added without changing anything about the exchange rate.
16 This is because
+ , and the bilateral exchange rate   =     has twice the variance of any of the exchange rates if the b   shocks are uncorrelated.
us to the value of   in Table 1 . We match:
Carry trade returns. We define the carry trade as going long $1 in a portfolio of risky countries ( b    0) and going short $1 in a portfolio of safer countries ( b    0). Given that the expected value of the carry trade for a pair   of countries is   −   , the expected payoff of the carry trade conditional on no disasters is:
In Appendix C, we prove the following expression (with  = 314159...):
Ancillary background parameters. We next specify parameters that are matter only indirectly, by generaing two out of our three key parameters.
Disaster and risk aversion. To keep the calibration parsimonious, the probability and intensity of disasters are constant, and we take numbers from Barro and Ursua (2008) . 18 The probability of disasters is  = 36%, as estimated by Barro and Ursua (2008 Growth rates. This parameter is irrelevant in practice, but for completeness we propose a specific value. We choose the growth rates, so that in normal times consumption of nontradables grows at a rate   = 2%. We set   =   , but results are not sensitive to the choice of this parameter. We make sure that the riskless domestic short-term rate is on average around 2%, which pins down the rate of time preference .
Inflation. Data (e.g., on currency options) are nominal, and the essence of our model is real. As inflation is quite smooth and persistent in the relevant period, inflation will not make a material difference for the moments we consider. Table 2 presents the main results from the calibration in Table 1 . One nice qualitative success of the model is its prediction indicated by Corr(∆ ln    ∆  )  0: when a country becomes riskier, its exchange rate depreciates and its risk reversal rises, leading to a negative correlation. This prediction is vindicated in the data.
Implications for Levels, Volatilities, and Correlations
Our baseline model has only one factor. As a result, up to corrective terms due to non-linear effects, correlations have to be either 0, −1, or 1. For example, the correlation Corr(
between changes in the exchange rate and changes in the interest rate is equal to −1. In the data, this correlation is close to 0. However, a two-factor version of our model similar to that developed in Section 4.1 performs much better. The reason for this is that although the disaster factor pushes towards a negative correlation, the business cycle factor, by contrast, pushes 
Extensions
A Setup with a Risk Factor and a Business Cycle Factor
So far, we have only introduced one factor, so that, controlling for current productivity, exchange rates and risk premia are perfectly correlated. This is an undesirable feature. In this section, we extend our framework to a two-factor model with a risk factor and a business cycle factor (see Rigobon 2007, 2008 for a different framework with several factors).
We model country 's export sector productivity as follows:   =   (1 +   ) where   is the (stochastic) trend component of productivity and   is a deviation from the trend that we refer to as the business cycle factor. The trend   behaves according to:
The business cycle factor   follows a linearity-generating process
with innovation uncorrelated with those of   and  *  .
Proposition 6 (Business cycle factor) The exchange rate is given by
In the limit of small time intervals, the exchange rate is given by
The resilience b   affects the exchange rate and the interest rate in the same way as in the setup without the business cycle factor: a risky country with a low b   has a depreciated exchange rate   and a high interest rate   . As a result, the disaster factor captured by b   induces a negative correlation between   and   . In contrast, the business cycle factor induces a positive correlation between these two variables: a country with an above-trend export sector productivity   has an appreciated exchange rate   and a high interest rate   . The correlation between the exchange rate and the interest rate depends on the relative importance of the disaster factor and the business cycle factor.
Fama regressions with two factors. Denote by  0 and  0 respectively the constant term and the Fama coefficient for the Fama regression in the two-factor model:
The next proposition relates the coefficient  0 in a sample with no disasters and the coefficient  0  in a full sample to their counterparts   and    in the one-factor model. 
Proposition 7 (Fama regression with two factors). Consider two countries  and  with
The coefficient  0 (respectively  0  ) in the Fama regression (28) for a sample with no disasters (respectively for a full sample) is given by
In equation (30),  0 is the weighted average of two Fama coefficients: the first coefficient,   , corresponds to variations in exchange rates and interest rate differentials driven by the disaster factor; the second coefficient, 1, corresponds to variations in exchange rates and interest rate differentials driven by the business cycle factor. The weight  is the share of the disaster factor in the variance of interest rate differentials.
Yield Curve, Forward Rates, and Exchange Rates (Real and
Nominal)
Until recently, forward real interest rates were not available. Only their nominal counterparts were actively traded. Even today, most bonds are nominal bonds. To model nominal bonds, we build on the real two-factor model developed above. Let
(1 −   ) be the value of money (the inverse of the price level). The nominal interest rate e   satisfies
, so that in the continuous-time limit
i.e., the nominal interest rate is the real interest rate plus inflation. The Fisher neutrality applies: there is no burst of inflation during disasters. With a burst of inflation, even shortterm bonds would command a risk premium. 22 The formula  0  =    + 1 −  is valid even when   is not constant. The only difference in this case is that    is no longer given by equation (18).
Inflation hovers around  * according to the linearity-generating process:
where   +1 has mean zero and is uncorrelated with innovations in  +1 , in particular with disasters. One could allow for non-zero corrrelation, but the analysis would become a bit more complicated (the analysis is available upon request). The expected value of one unit of currency  periods later is:
To fix notation, we denote nominal variables with a tilde. The price of long-term nominal bonds yielding one unit of currency at time
. Because we assume that shocks to inflation are uncorrelated with disasters, the present value of one nominal unit of the currency is:
Hence, the value of the zero coupon bond is as follows.
Proposition 8 (Price of a nominal domestic bond, with no inflation risk premia) In the continuous-time limit, the domestic nominal forward rate is, up to second-order terms in b   ,   , and   −  * :
The proof of this proposition also yields the expressions for bonds, yields, and forward rates in discrete and continuous time.
The nominal forward rate in (34) depends on real and nominal factors. The real factors are the resilience of the economy b   and the expected growth rate of productivity −    . The nominal factor is inflation   .
Each of the three terms is multiplied by a term of the type exp (−   ). For small speeds of mean reversion , the forward curve is fairly flat.
We can derive the implications of our model for a Fama regression in nominal terms:
 are now, with some slight abuse of notation, the nominal interest rates in countries  and  Our model's prediction is in the next proposition.
Proposition 9 (Value of the  coefficient in the Fama regression in nominal terms). In the nominal Fama regression (35) with forward rates, the coefficients are:
where   and    are the coefficients in the Fama regression defined in Proposition 4 and
is the share of variance in the forward rate due to b   .
In this simple model with no inflation risk premia, the higher the variance of inflation the closer to 1 is   . Hence, countries with very variable inflation (typically countries with high average inflation) satisfy approximately the uncovered interest rate parity condition. When disaster risks are very variable -and the real exchange rate is very variable -then   is more negative.
Conclusion
We have proposed a tractable framework for exchange rates. Exchange rates, interest rates, and the whole yield curve are derived in closed form. Our framework explains qualitatively the success of the carry trade, and provides explanations for the forward premium puzzle and the volatility of exchange rates. We also provide a calibration in which these phenomena can be understood quantitatively.
The model can readily be extended in several ways. In Appendix D, we show how several features of the model still hold with general pricing kernels (e.g., including habits). The NBER working paper version of this paper also works out the value of stocks in this model. That extension allows for simple closed forms for exchange rates, bonds, and stocks.
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The model is based on the premise that perceptions of rare disaster risks are an important driver of the gyrations in currency markets. This premise has recently received empirical support from several papers, namely: Burnside, Eichenbaum, Kleschelski, and Rebelo (2011), Farhi et al. (2009), and Jurek (2009) . They conclude that disaster risk is an important risk factor in currency markets. Farhi et al. (2011) and this paper have indications that the fall 2008 crisis has driven up option prices in currency markets, perhaps in the way a skew in stock market options appeared after the 1987 crash. We hope that a tractable structural model, such as the one we present here, will help researchers explore the disaster hypothesis further. 23 We obtain a negative correlation between stock market returns and exchange rate returns, as in Hau and Rey (2006) .
Appendix A: Results for Linearity-Generating Processes
The paper repeatedly uses linearity-generating (LG) processes identified and analyzed in Gabaix (2007) . This appendix gathers the main results.
LG processes are given by     , a pricing kernel   times a dividend   , and   , an -dimensional vector of factors (that can be thought of as stationary). For instance, for bonds, the dividend is   = 1.
Discrete time By definition, a process     (1   ) is an LG process with generator
⎠ if and only if it follows, for all 's:
Higher moments need not be specified.
For instance, the functional form of the noise does not matter, which makes LG processes parsimonious. Stocks and bonds have simple closed-form expressions.
The price of a stock,
The price-dividend ratio of a "bond,"
Continuous time In continuous time, 
24 Here 0  denotes an -dimensional row of zeros.
and the price-dividend ratio of a "bond,"
To ensure that the process is well-behaved (that is, to prevent prices from being negative), the volatility of the process has to go to zero near some boundary. Gabaix (2007) details these conditions.
Appendix B: Proofs
For simplicity, we drop the country index  in most proofs.
Proof of Proposition 2 By Proposition 1, we have
There are two ways to conclude. The first way uses the notations of Appendix A: the above two moment calculations show that
LG process, with generator Ω:
Using equation 40, we find
which proves the proposition.
The second way (which is less rigorous, but does not require the results on LG processes) is to look for a solution of the type
for some constants  and , which satisfies:
Dividing by   , this is:
which should hold for all b   . Solving for  and , we get
and (45).
The lower bound for b
Proof of Lemma 1 Call    and    country 's endowment of the international good and domestic good, respectively. We work out under which conditions they generate the announced equilibrium.
Say that the equilibrium is described by a social planner's maximization of
is country 's utility and    the Negishi weight on country . We normalize P   = 1. Denote by   the Arrow-Debreu price of one unit of the international good at date  and by   the world production of the international good. Among other things, the planner optimizes the consumptions of the domestic good, and solves:
Let us now study country 's consumption and investment decisions. At time , coun-
, so that the accumulated quantity of the capital good is
As country  produces     of the world good, and also has an endowment    of it, the total available consumption of the world good at time  is:
( 4 6 ) The first term is the endowment of the world good, and the second term is its production.
The equilibrium is described as in the paper if the endowment processes  
Proof of Proposition 3 In this proof, it is useful to define
, and
. Thus:
Proof of Proposition 4 Equation (17) was derived in the text leading to the proposition.
We next turn to the unconditional Fama regression. Using equation (13), we have:
which in the limit of small time intervals can be expressed as
This expression highlights the role of the risk premium    :
Consider now the Fama (1984) regression of the change in the exchange rate between countries  and  regressed on the interest rate differential in a full sample:
The coefficient    is now given by:
Therefore, we can have     0 if and only if the risk premium covaries positively enough with the interest rate differential. It is easy to compute
¤  which leads to
In the case where  +1 is constant and equal to , and
we have:
Proof of Proposition 5 Call price. We start with the call price:
where  and  superscripts denote expectation conditional on no disasters and disaster, respectively. The next calculation uses the following lemma, which is standard.
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Lemma 2 (Discrete-time Girsanov) Suppose that ( ) are jointly Gaussian distributed under
where E [], Cov ( ), and Var () are calculated under  .
To do the calculation, write
¢ , and the analogue for . We call  =   −   , and calculate:
2  2+ is a Gaussian variable with variance  2  and mean:
Hence,
(with  a standard Gaussian) is the Black-Scholes call value when the interest rate is 0, the maturity 1, the strike , the spot price 1, and the volatility .
25 To verify it, we calculate that the characteristic function of  is the characteristic function of distribution (49):
Next, we observe that:
We conclude that the value of the call is (23).
Put price. We use the put-call parity. Using the identity  + =  + (−) + and the fact that
The following analogue of (23) also holds:
Proof of Proposition 6 Derivation of the exchange rate.
LG process. As in the proof of Proposition 2:
The new moment is:
LG process, with generator:
The exchange rate follows:
The last equation comes from the fact that  3 − Ω is bloc-diagonal. This yields the announced expression.
For this part of the proof, we find it easier to work directly in continuous time. We have:
so the interest rate satisfies:
Proof of Proposition 7
We start with the case of the regression in a sample that does not contain disasters. As in the proof of Proposition 6,
The case of the full sample regression is proved similarly.
than shocks to the level of productivity. 26 We choose the average standard deviation of the innovation in b   to be     = 14%, and the mean reversion coefficient   = 10% With these numbers, we have
The volatility of the bilateral exchange is 111%, the volatility of the domestic interest rate is 10%. The Fama coefficient is still negative but smaller in absolute value:  0 = −004 This is, of course, to be expected because we have introduced a business cycle factor with significant variance. To some extent, there is tension in the assumed volatility of the business cycle factor   between matching the small correlation Corr the average volatility of ln (1 +   ) '  12 , which numerical simulations prove to be a good approximation, too.
For the steady-state distribution to have a "nice" shape (e.g., unimodal), the following restrictions appear to be useful:  ≤ 02 ·  | min |  max .
When the process is not centered at 0, one simply centers the values. For instance, in our calibration, the recovery rate of the country productivity,   , has support [ min   max ], centered around  * . The probability and intensity of disasters ( and ) are constant. Define 
Appendix D: Results with a General Pricing Kernel
We show another pricing kernel that would generate the exact same predictions as our setup with disasters. The world pricing kernel (in terms of the international good) is:
where  +1 has mean 0. Country 's productivity is:
where    +1 ,  +1 have mean 0. The covariance − ( +1   +1 ) is the risk premium on a one-period claim yielding the value of productivity. We call its opposite   ,
and decompose it into a fixed and variable part,  * and b   . We postulate that this risk premium be time-varying according to an LG process:
with values of 0 for
We then calculate the LG moments:
These are exactly the LG moments of the process with disasters.
Hence, the value of the exchange rate and the interest rate are exactly the same. Also, it is easy to verify that the expected exchange rate growth  Therefore, expected appreciation and Fama regressions are the same as in the model with disasters. The only thing that will change is the option pricing implication for which the disaster framework is crucial. We summarize the findings in the following proposition.
Proposition 10 In the framework above, with an abstract pricing kernel, all propositions (except Proposition 5 on options) of this paper hold, except that in the propositions on Fama regression coefficients (Propositions 4, 7, and 9) the announced value of  is the correct value of   in an unconditional sample and the value of    is irrelevant.
For instance, in the general setup above, the Fama coefficient given by (17) holds unconditionally.
We conclude that this alternative formulation, with a "black box" pricing kernel, yields the same results -the value of the exchange rate, the interest rate, and Fama coefficients -as in our formulation with disasters. The main difference is that the disaster formulation calibrates reasonably easily, and yields different predictions for options.
